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Metallic quantum criticality often develops in strongly correlated systems with local effective
degrees of freedom. In this work, we consider an Anderson lattice model with SU(2) symmetry.
The model is treated by the extended dynamical mean-field theory (EDMFT) in combination with
a continuous-time quantum Monte Carlo method. We demonstrate a continuous quantum phase
transition, establish the ensuing quantum critical point to be of a Kondo-destruction type, and
determine the anomalous scaling properties. We connect the continuous nature of the transition
to a dynamical Kondo effect, which we characterize in terms of a local entanglement entropy and
related properties. This effect elucidates the unusual behavior of quantum critical heavy fermion
systems.
Introduction. The nature of quantum critical points
(QCPs), especially in metallic systems, is of extensive
interest to a variety of strongly correlated systems[1–
5]. Strong correlations often produce local effective de-
grees of freedom as a part of the building blocks for
the low-energy physics. This is exemplified by antifer-
romagnetic (AFM) heavy fermion metals, in which lo-
cal moments couple and interplay with itinerant elec-
trons. The fate of the local moments and associated
Kondo effect has played a central role in elucidating
the AFM heavy fermion QCPs, both theoretically[6, 7]
and experimentally[8–12]. Of particular importance is
the notion of Kondo destruction[2], which corresponds
to the disintegration of heavy quasiparticles. A Kondo-
destruction QCP amounts to a delocalization-localization
transition of the underlying f -electrons, thereby involv-
ing a sudden reconstruction of the Fermi surface. It also
makes the quasiparticle weight at the QCP to vanish
on the entire Fermi surface, which is responsible for the
strange metal behavior in the quantum critical regime
and the divergence of the effective carrier mass. Sim-
ilar features may develop at the Mott transition and
doped Mott insulators[13, 14], in light of the indications
for a divergent carrier mass and a Fermi surface recon-
struction in the high Tc cuprates near their optimal hole
doping[15, 16].
The AFM quantum phase transitions in heavy
fermion metals result from a competition between the
Kondo and Ruderman-Kittel-Kasuya-Yosida (RKKY)
couplings. These interactions respectively promote a
Kondo-screened paramagnetic ground state and a long-
range AFM order. Kondo destruction was initially stud-
ied by analyzing the fate of the Kondo effect near AFM
QCPs [6, 17]. In the case of Ising-anisotropic Kondo
lattice models, the continuous nature of the quantum
phase transition has been demonstrated in a number of
studies[18–21]. While some of the quantum critical heavy
fermion systems are Ising-anisotropic[1, 9], others have a
continuous spin symmetry[10–12, 22]. It is thus impor-
tant to address the issue in Kondo or Anderson lattice
models with continuous spin symmetry. The latter is
also important when connections are explored between
the quantum criticality of the Kondo systems with that
of the Mott-Hubbard systems such as the cuprates, which
are to a good approximation SU(2) symmetric.
In this Letter, we consider an Anderson lattice model
with an SU(2) symmetry. We study the lattice model in
terms of a self-consistent Bose-Fermi Anderson model via
the extended dynamical mean-field theory (EDMFT)[23–
25]. Our study has become possible due to the recent de-
velopment of a continuous-time Quantum Monte Carlo
(CTQMC) approach suitable for the SU(2)-symmetric
Bose-Fermi Anderson model[26], which built on the gen-
eral CTQMC method[27, 28]; importantly, we reach tem-
peratures lower than 10−3 of the bare Kondo temper-
ature. We show that the quantum phase transition is
continuous. For the ensuing QCP, we demonstrate its
Kondo-destruction nature, and find that the spin dynam-
ics obey ω/T scaling. Equally important, we establish a
dynamical Kondo effect by calculating the local entan-
glement entropy[29, 30] as well as the cross correlations
between the local moment and conduction-electron spins.
The dynamical Kondo effect underlies the continuous na-
ture of the quantum phase transition, and elucidates the
unusual properties of quantum critical heavy fermion sys-
tems.
Model and method. We study the Hamiltonian
H = (U/2)
∑
i
[∑
σ
d†i,σdi,σ − 1
]2
+
∑
ij
IijSi · Sj
+V
∑
i,σ
[c†i,σdi,σ + d
†
i,σci,σ] +
∑
p,σ
pc
†
p,σcp,σ . (1)
Here, c†i,σ (d
†
i,σ) creates a conduction c (local d) electron
of spin σ at site i, and Si = (d
†
iσdi)/2 (with σ being
the Pauli matrices) represents the spin of the d-electrons
(denoting the physical f -electrons). The hybridization
V couples the c-electrons, which has a dispersion p, and
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2the d-electron spins, which involve an AFM RKKY in-
teraction Iij . Finally, the repulsive Hubbard interaction
U is responsible for turning the d-electrons into local mo-
ments; when U is sufficiently large, the model is equiv-
alent to a Kondo lattice Hamiltonian, with an effective
AFM Kondo coupling JK being second order in V .
The EDMFT approach[18, 23–25] takes into ac-
count the dynamical competition between the hybridiza-
tion/Kondo and RKKY interactions. Here, the lattice
Hamiltonian Eq. 1 is solved in terms of a self-consistent
Bose-Fermi Anderson model. In the latter, the local d
electrons couple to a fermionic bath and a bosonic bath,
where the fermionic bath comes from the conduction elec-
trons and the bosonic bath represents the fluctuations of
local moments[31]. After integrating out both baths, we
reach the following action:
SBFA
=
∫ β
0
dτ
[∑
σ
d†σ∂τdσ +
U
2
(nd,↑ + nd,↓ − 1)2 + hloc Sz
]
−
∫ β
0
dτdτ ′ [
∑
σ
d†σ(τ)V
2Gc(τ − τ ′)dσ(τ ′)
+(1/2)
∑
α∈{x,y,z}
Sα(τ)[χα0 ]
−1(τ − τ ′)Sα(τ ′) ] , (2)
where β = 1/T , hloc is a static Weiss field, which cap-
tures the AFM order, while Gc and χ0 denote the Green’s
functions of the fermionic and bosonic bath[31], respec-
tively. The self-consistency conditions are:
χαloc(iωn) =
∫ ∞
−∞
dρI()/[+M
α(iωn)]
Mα(iωn) = [χ
α
0 ]
−1(iωn) + 1/χαloc(iωn)
Gc(iωn) =
∫ ∞
−∞
dρ0()/[−iωn + + Σc(iωn)]
hloc = −[2I − [χα0 ]−1(iωn = 0)]mAF . (3)
Here, α ∈ {x, y, z} represents the spin components, with
the magnetic order taken along α = z; ρI() denotes
the RKKY density of states, which is obtained from
ρI() =
∑
q δ( − Iq). The RKKY interaction Iq is the
Fourier transformation of Iij , and is the most negative at
the AFM wave vector Q; we consider IQ = −2I and the
density of states ρI() = θ(2I − ||)/(4I), which incorpo-
rates two-dimensional magnetic fluctuations[6]. The irre-
ducible (and momentum-independent) quantityMα(iωn)
reflects a spin self-energy[23, 24]. The local irreducible
spin susceptibility χloc and ordered moment mAF are:
χαloc(τ) = 〈Tτ : Sα : (τ) : Sα : (0)〉SBFA
mAF = 〈Sz〉SBFA . (4)
The expectation value 〈· · ·〉SBFA is taken with respect to
the action SBFA (Eq. 2), and the normal-ordered oper-
ators are : Sz :≡ Sz − 〈Sz〉SBFA and : Sx,y :≡ Sx,y. We
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FIG. 1: (Color online) (a) Evolution of the AFM order pa-
rameter mAF with the ratio I/T
0
K , at inverse temperatures
βT 0K = 200, 800. (b) Jump in the order parameter ∆m vs.
the Ne´el temperature TN , extrapolating to zero as TN → 0+.
(c) Phase diagram, showing also the Kondo-destruction (KD)
energy scale E∗loc vs. I/T
0
K . KS and AFM respectively denote
Kondo-screened and antiferromagnetic phases. The red arrow
marks the QCP at I = Ic.
consider a generic electron filling[32] with the conduction-
electron band having a nonzero density of states at the
zero energy in terms of a featureless ρ0(), for which
Gc(iωn) =
1
2D log(
−iωn+D
−iωn−D ). The equations are iterated
until convergence, which corresponds to the differences
between the two iterations being less than 0.1%.
Continuous AFM quantum phase transition. To de-
termine the phase diagram, we work with the generic
parameters U = 0.25, V = 0.40, D = 1.0, for which the
bare Kondo temperature T 0K = 1. Hereinafter, we only
vary the RKKY interaction I to tune the ratio of the
RKKY interaction to the bare Kondo scale, I/T 0K .
We perform calculations at various values of temper-
ature T and the tuning parameter I/T 0K . For a given
T , an isothermal AFM phase transition is seen through
the onset of the order parameter mAF , as illustrated in
Fig. 1(a). We observe a jump in the order parameter,
∆m, at the isothermal transition point, indicating that
the finite-temperature phase transition is first order[19].
The phase diagram is shown in Fig. 1(c). As we approach
the zero-temperature phase transition along the TN line
(black solid curve), ∆m decreases as shown in Fig. 1(b);
within the error bar, it extrapolates to zero in the zero
temperature limit. This establishes a continuous quan-
tum phase transition at I = Ic.
Kondo destruction, quantum criticality and anomalous
scaling. We now turn to the nature and properties
of the QCP. We focus on the α = z component of the
spin susceptibility, which captures the AFM order and,
outside of the ordered region, is equal to the other two
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FIG. 2: (Color online) (a) Temperature dependence of the
local spin susceptibility T 0Kχ
z
loc(T ). The QCP is at Ic/T
0
K =
0.461 (see Fig. S2[31]). (b) The dynamical local spin suscep-
tibility in the paramagnetic phase (I ≤ Ic) at inverse temper-
ature βT 0K = 800.
components: we will use χz to denote this quantity inside
of the AFM order and simply χ outside of it.
The temperature dependence of the static local spin
susceptibility χloc(T ), defined as χloc(iωn = 0, T ), is
presented in Fig. 2(a) (as well as Fig. S1[31]) for vari-
ous values of the RKKY interaction I. For I > Ic, it
shows a peak at TN . For I < Ic, it saturates to a fi-
nite value at low temperatures, signifying Kondo screen-
ing. χloc(T → 0) is divergent at I = Ic, the QCP.
This means that, at the AFM QCP, the Kondo effect
is placed at the critical Kondo-destruction point, as seen
from the renormalization-group (RG) flow of the Bose-
Fermi Kondo model[23, 33–36] (summarized in supple-
mentary materials[31], Fig. S2; particularly the dashed
arrow). More precisely, χloc(T ) at the QCP is logarithmi-
cally singular, corresponding to the bosonic bath of the
Bose-Fermi Anderson model having a sub-ohmic spec-
trum with its power-law exponent 0+ (Ref. [6]). We can
then express χloc(T ) in the following form [17]:
χloc(T ) = −αT
4I
log(T ) + bT . (5)
In Fig. 2(b), we show the dynamical local spin suscep-
tibility χloc(iωn) in the paramagnetic part of the phase
diagram. At the critical point, I = Ic, it also is found to
be singular and satisfy
χloc(iωn) = −αω
4I
log(ωn) + bω (6)
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FIG. 3: (Color online) (a) Static lattice spin susceptibility vs.
temperature at I = Ic. (b) Demonstration of ωn/T scaling
for the dynamical lattice spin susceptibility at I = Ic.
in a large dynamical range ( 0.004T 0K ≤ ωn / 0.300T 0K).
Away from the critical point, I > Ic, the local suscep-
tibility saturates, which places the local Kondo prob-
lem to be on the Kondo-screened side of the RG flow
(supplementary materials[31], Fig. S2). We can intro-
duce a local Kondo energy scale E∗loc to characterize
this saturation[19, 37], by fitting χloc(iωn) in terms of
A+B log(ωn +E
∗
loc). The resulting E
∗
loc as a function of
the tuning parameter I/T 0K is already shown in Fig. 1(c).
This energy scale collapses as the system approaches the
QCP, manifesting the Kondo destruction at the QCP.
These results also imply that, at the QCP, I = Ic,
the AFM spin susceptibility has the following power-law
temperature and frequency dependences[31]:
χ(Q, T ) ∝ T−αT ,
χ(Q, iωn) ∝ ω−αωn . (7)
The static lattice susceptibility χ(Q, T ) is shown in
Fig. 3(a), and its dynamical counterpart, at a low-
temperature T = 1.125×10−3T 0K , is presented in Fig. S3.
We find the critical exponents to be αT = 0.701(28) and
αω = 0.723(5).
The temperature and frequency exponents have the
same fractional value within the numerical uncertainly.
This result suggests that the AFM dynamical spin sus-
ceptibility obeys ω/T scaling in the quantum critical
regime. To address this issue further, we calculate the
AFM dynamical spin susceptibility at the QCP, I = Ic,
as a function of both frequency and temperature over a
range of low temperatures (T 0K/1600 < T < T
0
K/400).
In Fig. 3(b), we show that (T 0K)
1−αTαχ(Q,ωn, T ) at the
4various temperatures collapses in the form of ωn/T scal-
ing. The critical exponent α˜ is unbiasedly determined
by this procedure. Its value, α = 0.709(3), is compatible
with αT and αω described earlier. Together, these re-
sults demonstrate that the dynamical spin susceptibility
displays ω/T scaling and fractional scaling exponents.
The usual spin-density-wave QCP[38–40] falls within
the Landau framework of order-parameter fluctuations
and corresponds to a Gaussian fixed point. The ω/T
scaling we found signifies an interacting fixed point. The
collapse of the energy scale E∗loc at the QCP signifies
that the Kondo destruction underlies the beyond-Landau
physics. In turn, this implies that the quasiparticle
weight vanishes as the QCP is approached, and the Fermi
surface jumps between large (counting the Kondo reso-
nance) and small (not counting the Kondo resonance)
across the QCP.
Dynamical Kondo effect. We now turn to understand
why the quantum phase transition is continuous when
the heavy quasiparticles disintegrate at the transition.
To do so, we first calculate the entanglement entropy of
a local d electron. The entanglement property has been
calculated in the standing-alone Bose-Fermi Kondo im-
purity models[29, 30], but has not been studied in any
Kondo/Anderson lattice models. The local entanglement
entropy is defined as Se,loc = −Tr[ρloc log(ρloc)], where
ρloc is the density matrix of the lcoal d electron[41]. In
Fig. 4(a), we show the evolution of Se,loc across the QCP.
In the Kondo-screened phase, due to the Kondo effect,
the local d electrons and the conduction-electron band
are Kondo entangled, which results in a large Se,loc [we
find Se,loc(I = 0) = 1.386]. Increasing the RKKY inter-
action I through the QCP, Ic, Se,loc drops precipitously,
capturing the Kondo destruction. Importantly, it stays
nonzero inside the Kondo-destroyed phase at I > Ic.
This implies that residual Kondo-singlet correlations per-
sist. This is to be contrasted with the naive mean-field
picture, which would have associated the Kondo destruc-
tion with a complete decoupling between the local d elec-
tron and conduction-electron bands; in that picture, the
entanglement entropy must vanish. We interpret our re-
sult as signifying the persistence of the dynamical Kondo-
singlet correlations in the Kondo-destroyed phase, even
though the static Kondo-singlet amplitude has vanished
in the ground state.
This point can be further demonstrated by the cross
correlation between the local moment and conduction-
electron spins, which has recently been considered in
quantum impurity models[42]. The expectation value
of 〈Szszc〉 is shown in Fig. 4 (b). While it is naturally
nonzero in the Kondo-screened phase at I < Ic, it re-
mains so at the Kondo-destruction QCP (I = Ic) and in
the Kondo-destroyed phase (I > Ic). Through Kramers-
Kronig relation[42], our result, derived for the first time
in any lattice model, implies the persistence of the dy-
namical Kondo correlations across the QCP and into the
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FIG. 4: (Color online) (a) Evolution of the local entangle-
ment entropy with the tuning parameter I/T 0K . The vertical
dashed line marks the AFM QCP. (b) 〈Szszc〉 vs. the tuning
parameter across the QCP. (c) Dynamical local susceptibility
for I ≥ Ic and βT 0K = 800.
Kondo-destroyed phase.
The dynamical Kondo effect can be further illustrated
by the irreducible local spin susceptibility, χloc(iωn), in
the ordered phase. The result is given in Fig. 4 (c).
If the local d electrons were completely decoupled from
the conduction-electron band, χloc(iωn) would vanish at
nonzero frequencies. Indeed, χloc(iωn) is negligible at
I  Ic, i.e. deep into the ordered phase. As I is re-
duced towards Ic, χloc(iωn) progressively grows, reflect-
ing the increased dynamical Kondo-singlet correlations
in the Kondo-destroyed phase.
The vanishing of the spectral weight for the well-
defined Kondo resonance as the transition is approached
from the paramagnetic side underlies the sudden jump of
the Fermi surface across the QCP. In a naive mean-field
picture, one would have expected the transition to be
first order. The dynamical Kondo effect we have demon-
strated underlies the continuity of the Kondo correlations
across the transition and into the Kondo-destroyed phase,
which makes possible for the quantum phase transition
to be continuous.
Discussion. Several remarks are in order. First, the
dynamical Kondo effect captures the quantum fluctu-
ations in the Kondo-destroyed phase. One of the un-
usual properties observed[43, 44] in the prototype heavy
fermion metals with Kondo-destruction QCPs is the
pronounced quasiparticle mass in the Kondo-destroyed
phase. The quantum fluctuations associated with the
dynamical Kondo effect provide a natural understanding
of this property.
Second, our EDMFT-based results for the beyond-
Landau QCP in the SU(2) Anderson lattice model set
the stage to connect with what happens in the SU(2)
5Hubbard-Heisenberg models. Recently, EDMFT analy-
ses have also been carried out in the latter models[45–
47], and have implicated related QCPs. Since the effec-
tive local problem in that case is quite similar to what
we analyze for the SU(2) Anderson lattice model, it will
be instructive to see whether any effect analogous to the
dynamical Kondo effect underlies the (nearly) continuous
nature of the quantum phase transitions in those models.
Summary. The SU(2)-symmetric Anderson lattice
model has been studied using the EDMFT method, and
is shown to display a continuous AFM quantum phase
transition. We have established the Kondo-destruction
nature of the QCP, demonstrated that the spin dynam-
ics obey ω/T scaling and found fractional temperature
and frequency exponents. Finally, we have reported the
first calculation of the local entanglement entropy across
the Kondo-destruction QCP in any Anderson/Kondo lat-
tice model. The result implies a dynamical Kondo effect,
which is crucial for realizing the continuous nature of
the quantum phase transition and for elucidating the un-
usual properties of the quantum critical heavy fermion
systems. As such, our results considerably deepen the
understanding of quantum critical heavy fermion metals
with continuous spin symmetry, and set the stage to link
the beyond-Landau quantum criticality of heavy fermion
systems with its counterpart in Mott-Hubbard systems.
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Supplementary Material
EXTENDED DYNAMICAL MEAN FIELD THEORY
The EDMFT approach treats the Anderson lattice model, Eq. (1) of the main text, in terms of a Bose-Fermi
Anderson model:
H = Hloc +HB +HF
Hloc =
U
2
(nd,↑ + nd,↓ − 1)2 + hlocSz
HB =
∑
p
ωpφ
†
p · φp + g
∑
p
S · (φ†p + φ−p)
HF =
∑
p,σ
Epc
†
p,σcp,σ + V
∑
p,σ
(c†p,σdσ + d
†
σcp,σ) . (S.1)
Here, nd,σ = d
†
σdσ, and cp,σ describes the fermionic bath with dispersion Ep. In addition, φp represents a three-
component bosonic bath, with dispersion ωp; it captures the fluctuations of the local moments. Integrating out the φ
bosons and c fermions leads to the action given in Eq. 2 of the main text.
IDENTIFYING THE QUANTUM CRITICAL POINT
We identify the critical point through two complementary procedures. One is the extrapolation of the TN (I) curve
to zero temperature. Another is to examine the behavior of the static local susceptibility. As we discussed in the main
text, the static local susceptibility has different behavior in different phases. In the Kondo-screened phase, χzloc(T )
saturates when we lower the temperature T towards zero. In the AFM phase, as we lower the temperature, χzloc(T )
first goes upwards, which corresponds to the Curie-Weiss behavior. It then drops off upon the onset of the AFM
order. Based on this insight, we can search for the critical RKKY interaction Ic (as mentioned in the main text, the
10−3 10−2
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FIG. S1: (Color online) Static local susceptibility as a function of temperature, for a dense set of RKKY interactions I.
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FIG. S2: (Color online) RG flow of the Bose-Fermi Kondo/Anderson model [1]. g is the coupling between the local moment
and bosonic bath, and JK is the Kondo coupling between the local moment and fermionic bath.
bare Kondo scale is fixed) by the point where the singular (logarithmic) behavior survives to the lowest temperature.
We show the evolution of χzloc(T ) at different ratios of I/T
0
K in Fig. S1. At I = Ic = 0.461T
0
K , χ
z
loc(T ) has the most
straight-line behavior in the semi-log plot.
KONDO DESTRUCTION AND THE RENORMALIZATION GROUP FLOW OF THE BOSE-FERMI
KONDO MODEL
In Fig. S2, we show the renormalization group (RG) flow of the effective Bose-Fermi Kondo model [1], where g
denotes the coupling constant between the local moment and bosonic bath, and JK represents the Kondo coupling.
In our study of the Anderson lattice model, we fixed the bare Kondo temperature T 0K and tune the RKKY interaction
I. For the corresponding Bose-Fermi impurity model, this is illustrated by the dashed arrow in Fig. S2. The model
may flow to three fixed points by tuning I/T 0K . For small I/T
0
K , the impurity model flows to a Kondo-screened fixed
point. For large I/T 0K , the model flows to a Kondo-destroyed fixed point with zero JK . In between, the system passes
through the separatrix (the red arrow in Fig. S2), where it flows to the Kondo-destruction QCP. On the separatrix,
e.g. upon reaching the red arrow following the dashed line from left in Fig. S2, the local spin susceptibility χloc(T → 0)
diverges. The observations from the RG flow are consistent with the results presented in the main text.
RELATION BETWEEN THE LOCAL SUSCEPTIBILITY AND ANTIFERROMAGNETIC LATTICE
SUSCEPTIBILITY
In this section, we summarize the calculation of the antiferromagnetic lattice susceptibility, which in the paramag-
netic phase is determined by the Dyson equation[2, 3]:
χα(q, iωn) = 〈Sα(q, iωn)Sα(q,−iωn)〉 = 1/ [Mα(iωn) + Iq] , (S.2)
with α ∈ {x, y, z}. At the antiferromagnetic wave vector Q, we have
χα(Q, iωn) = 1/ [M
α(iωn)− 2I] . (S.3)
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I/T0K=0.450
Ic/T0K=0.461
αω=0.723(5)
FIG. S3: (Color online) Frequency dependence of the antiferromagnetic lattice spin susceptibility at the inverse temperature
βT 0K = 800
Combining the above equation with the self-consistent equations in the main text, we can derive the following asymp-
totic relation between χloc(iωn) and χ(Q, iωn), which is valid in the region of 4Iχloc(iωn) 1
χα(Q, iωn) =
1
4I
[exp(4Iχαloc(iωn))− 1]
≈ exp(4Iχ
α
loc(iωn))
4I
(S.4)
.
FREQUENCY DEPENDENCE OF THE ANTIFERROMAGNETIC DYNAMICAL SPIN
SUSCEPTIBILITY
In Fig. S3, we show the frequency dependence of the antiferromaggnetic lattice spin susceptibility upon approaching
the QCP from the paramagnetic phase. At the QCP with I = Ic, according to the relationship between local
and lattice susceptibilities (Eq. S.4), the antiferromagnetic lattice susceptibility follows a power-law behavior with
χ(Q, iωn) ∼ ω−αωn . Away from the QCP with I < Ic, it saturates at low frequencies; this reflects the effect of a
nonzero static Kondo singlet amplitude in the ground state.
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